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Nonlinear Response of Airfoil Section with Control
Surface Freeplay to Gust Loads

Deman Tang,¤ Denis Kholodar,† and Earl H. Dowell‡

Duke University, Durham, North Carolina 27708-0300

A nonlinear response analysis of a typical airfoil section with control surface freeplay excited by periodic
gust loads in low subsonic � ow is presented along with a companion wind-tunnel test program. The analytical
model uses Peters’s � nite state model for the two-dimensional aerodynamic � ow over the airfoil (Peters, D. A.,
“Finite-State Airloads for Deformable Airfoils on Fixed and Rotating Wings,” Symposium on Aeroelasticity and
Fluid/Structure Interaction, American Society of Mechanical Engineers, Winter AnnualMeeting, Nov. 1994,rev. 3,
May 1996). Results for a single harmonic gust and a continuous frequency sweep gust have been computed and
measured for � ow velocities below the � utter speed. A theoretical and experimental chaotic response phenomenon
for the nonlinear structural model was observed. These results further con� rm some conclusions about limit
cycle oscillations and complement our earlier theoretical and experimental studies of self-excited oscillations.
The experimental investigation has been carried out in the Duke University wind tunnel using a rotating slotted
cylinder gust generator. The fair to good quantitative agreement between theory and experiment veri� es that
the present analytical approach has reasonable accuracy and good computational ef� ciency for nonlinear gust
response analysis in the time domain.

Nomenclature
b = semichord of the airfoil section
c = position of � ap hinge
h = plunge displacement
Ln = generalized airloads
Mr = reference mass/length of wing-aileron system
M a = torsional moment about the midchord
M b = � ap moment about the � ap axis
N = number of in� ow states
n = in� ow expansion index
p = aerodynamic pressure
q = aerodynamic modal coordinate
t = time
U = airspeed
U f = � utter airspeed
v = induced � ow normal to airfoil due to bound vorticity
wg (x , t ) = lateral gust velocity
wgn = expansion coef� cients of wg(x , t )
w̄gs = amplitude of sinusoidal gust
x = streamwise coordinate
y = coordinate normal to x , lift direction
a = torsional angle of wing
b = � ap rotational angle
C = vortex strength
c b = bound vorticity
d = freeplay region
k = induced � ow due to free vorticity
k n = expansion coef� cients for k
n = dummy integration variable for x
q = air density
s n = expansion coef� cients for D p / q
u = Glauert variable
u m = location of hinge, cos ¡ 1(c)
x h , x a = uncoupled plunge and torsional natural frequencies
x b = uncoupled � ap natural frequency
( Ç ) = d( ) / dt
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Introduction

R EFERENCE 1 deals with the effect of control surface freeplay
on the self-excited aeroelastic response of a three-degree-of-

freedom typical airfoil section. The theoretical model was based
on the state-space model used by Conner et al.1 and proposed by
Edwards et al.2 Because the freeplay nonlinearityproduces a piece-
wise linear change in the structural stiffness of the control surface,
the overall system can be represented as a nonlinear combination
of a three linear system. The response is determined via numerical
integration, updating the equations of motion as the system moves
from one linear region into the next. Following the work of Ref. 1,
we subsequently used Peters’s � nite state airloads model3 for the
two-dimensionalaerodynamic� ow over the airfoil to determine the
eigenmodes of the aerodynamic � ow and then chose a small num-
ber of these aerodynamiceigenmodes,that is, reduced-ordermodel,
to couple them to a typical section nonlinear structural model.4 All
predictedresults from both Refs. 1 and 4 were comparedwith wind-
tunnel test data and showed good agreement. Also the results are
consistent with those given in Ref. 5.

Reference 6 describes the military speci� cation that de� nes the
maximum valueof freeplay for control surfaces and tabs throughout
the life of the airplane. For an all-movable control surface, the total
peak-to-peak freeplay gap shall not exceed 0.034 deg, and with
this value catastrophic aeroelastic instabilities shall not occur in a
velocity range up to 1.15 times the design limit speed of the aircraft.
However, freeplaymay also modify responseto externalexcitations,
and thus study of gust responseof an aircraft with a freeplay control
surface to atmospheric turbulence is of interest and is the subject of
the present paper.

A few years ago, a rotating slotted cylinder (RSC) gust generator
was installed in the Duke University low-speed wind tunnel and
used to generate a gust excitation � eld including either a sinusoidal
gust or a linear frequency sweep gust excitation.6 This apparatus
provides a tool to assess the accuracy of theoretical methods for
determining response to gust loads.

In the present paper, a time-domain method proposed in Ref. 4 is
extendedto calculateand measure nonlineargust responsewhen the
time-correlatedgust loads are known. Of course, the Peters’s � nite
state airloads model3 considers the effect of gust loads on the aero-
dynamics as well as the motion induced aerodynamics. Sinusoidal
and linear frequency sweep gust loads are used. To validate the the-
oretically predicted gust response characteristics of the nonlinear
aeroelastic system, an experimental investigation has been carried
out in the Duke University wind tunnel using an RSC gust gener-
ator. The results may be helpful in better understanding physically

1543



1544 TANG, KHOLODAR, AND DOWELL

the nonlinear aeroelastic response of a typical airfoil section with
control surface freeplay to gust loads.

Aerodynamic Theory
We use Peters’s � nite state incompressible airloads model for a

deformable airfoil3 to determine these aerodynamic forces.
We consider a thin airfoil to be in a moving two-dimensional

coordinate system (x – y plane) and to be performing small motion
h(x , t) in the y direction and in the interval ¡ b ·x ·b, as shown
in Fig. 1. The nonpenetration boundary condition on the moving
airfoil can be written as

v = U
@h

@x
+

@h

@t
+ wg(t ) ¡ k (1)

where v is the necessary induced � ow in the negative y direction
due to bound vorticity, k is the downwash due to all induced � ow,
and wg(t ) is a known lateral gust velocity time history (see the next
section).

The relationshipbetween the v and the unknown bound vorticity
c b is given as

v =
¡ 1
2 p

b

¡ b

c b( n , t )
x ¡ n

dn (2)

and the pressure difference across the airfoil is

D p = q U c b + q

x

¡ b

@c b

@t
dn (3)

For the two-dimensional case of Fig. 1, the induced � ow k due to
free vorticity is given by

@k

@t
+ U

@k

@x
=

1

2 p

@C / @t

b ¡ x
(4)

where C is the total bound vorticity on the airfoil,

Fig. 1a Aeroelastic typical section with control surface.

Fig. 1b Restoring momentdue to K¯ with a symmetric freeplay region
about ¯ = 0.

C ´
b

¡ b

c b dx (5)

By the use of a Glauert variable u , then

x = b cos u , ¡ b · x · b, 0 · u · p (6)

The appropriateexpansions follow from thin-airfoil theory:

c b = 2
c s

sin u
¡

c 0 cos u

sin u
+

1

n = 1

c n sin(n u ) (7)

D p = 2q
s s

sin u
¡

s 0 cos u

sin u
+

1

n = 1

s n sin(n u ) (8)

Following Eqs. (2), (7), and (8), we have

v =
1

n = 0

c n cos(n u ) (9)

k =
1

n = 0

k n cos(n u ) (10)

h =
1

n = 0

hn cos(n u ) (11)

and the lateral gust velocity is expanded as follows:

wg =
1

n = 0

wgn cos(n u ) (12)

From the precedingequations,generalizedforcesassociatedwith
each generalized airfoil motion hn and the generalized gust loads
wgn can be obtained. They are

Ln = ¡
b

¡ b

D p cos(n u ) dx = ¡
p

0

b D p cos(n u ) sin u d u (13)

Using the Kutta condition of D p =0 at the trailing edge and the
substitution of Eq. (8) into Eq. (13), we then have for L0 (lift per
unit length normalized on semichord b)

L0 = ¡ 2p q U (w0 ¡ k 0) ¡ p q Uw1 ¡ p q b Çw0 ¡ 1
2 Çw2 (14)

for L1 (pitching moment per unit length about midchord)

L1 = p q U (w0 ¡ k 0) ¡ 1
2
p q U w2 ¡ 1

8
p q b( Çw1 ¡ Çw3) (15)

and for L2

L2 = 1
2
p q U (w1 ¡ w3) + 1

2
p q b Çw0 ¡ 1

2 Çw2 ¡ 1
12

p q b( Çw2 ¡ Çw4) (16)

For n ¸ 3,

Ln = 1
2
p q U (wn ¡ 1 ¡ wn + 1) + [1/ 4(n ¡ 1)]p q b( Çwn ¡ 2 ¡ Çwn )

¡ [1/ 4(n + 1)]p q b( Çwn ¡ Çwn + 2) (17)

where

w0 = wg0 + Çh0 + U
1

n = 1,3,5

nhn

b

w1 = wg1 + Çh1 + 2U
1

n = 2,4,6

nhn

b

wm = wgm + Çhm + 2U
1

n = m + 1,m + 3

nhn

b
, m ¸ 2
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Substituting Eq. (10) into Eq. (4), we obtain a set of differential
equations for the k n coef� cients:

b Çk 0 ¡ 1
2
Çk 2 + U k 1 = ÇC / p

(b /2n)( Çk n ¡ 1 ¡ Çk n + 1) + U k n = ÇC / (n p ), n ¸ 2 (18)

where

C = 2 p b wg0 + Çh0 ¡ k 0 +
1
2

(wg1 + Çh1 ¡ k 1) + U
1

n = 1

nhn

b

Gust Loads
Atmospheric turbulence creates a gust load that can be repre-

sentedby two differentmathematicaldescriptions.One is associated
with a discrete gust representationusually of a deterministicnature.
Continuous turbulence, however, can be represented by a stochas-
tic process. In the present work, a discrete gust representation is
required.

In general, atmospheric turbulence is considered to be a function
of three spatial dimensions and time. In this paper, the atmospheric
turbulence velocity � eld is composed of only a lateral component,
and the frozen gust assumption is used.7 For the frozen gust, x and
t are coordinates � xed with respect to airfoil and x 0 and t 0 are coor-
dinates � xed with respect to atmosphere. The gust � eld is given by

wg(x 0 ) = wg(x ¡ Ut )

Because x and t only appear in the preceding combination,we may
consider the alternative functional form

wg = wg(t ¡ x / U )

We assume that, at t = t0 , the leading edge of the airfoil has a gust
velocity

wgl = wg (t0 + b / U ) (x = ¡ b)

and at the trailing edge of the airfoil, the gust velocity is

wgt = wg (t0 ¡ b/ U ) (x = b)

If the gust is known as a discrete time series with a constant sam-
pling time step length D t , the gust at any chordwise position of the
airfoil, x j , is

wgc(t0) = wg(t0 + x j / U ) = wg(t0 + j D t ) (19)

where j is an integral number starting from the leading edge, j = 1,
and ending at the trailing edge, j = ns , where ns = 2b / U D t .

At t = t0 , the wgn coef� cients of Eq. (12) can be determined by

wg0(t0) =
1
p

p

0

wgc(t0 , x) d u =
1
p

b

¡ b

wgc(t0)
b sin[(cos ¡ 1(x /b)]

dx

=
1

b p

ns

j = 1

wgc(t0, x j ) D x

sin(cos ¡ 1 u j )
(20)

where u = cos ¡ 1(x / b), and D x =U D t , x j = j D x , and u j =
(x j ¡ b) /b,

wgn(t0) =
2
p

p

0

wgc(t0 , x) cos n u du

=
2

b p

ns

j = 1

wgc(t0, x j ) cos n cos ¡ 1 u j D x

sin cos ¡ 1 u j

(21)

Thus, wg0(t0) and wgn(t0) can be determined using a standard nu-
merical integration code. When we use a time-integral method to
solvethe nonlinearequations,those coef� cientsneedto be evaluated
at each time step.

Two special periodic gusts are used for comparison with our ex-
perimental results. One is a continuous sinusoidal gust. It is ex-
pressed as

wg (t ) = w̄gs sin x t (22)

where x is the gust excitation frequency. The other is a continuous
frequency sweep gust, and it is expressed as

wg(t ) = w̄gs sin{x 1 + [( x 2 ¡ x 1) /2T ]t}t (23)

where x 1, x 2 , and T are the minimum frequency, maximum fre-
quency, and the sweep duration, respectively.

For a sinusoidal gust, the wgn coef� cients of Eq. (12) are deter-
mined by

wg0(t0) =
1
p

p

0

w̄gs sin( x t ¡ D w ) du

=
w̄gs

b p
[C0 sin x t ¡ S0 cos x t] (24)

where

C0 =
ns

j = 1

cos D w D x

sin cos ¡ 1 u j

, S0 =
ns

j = 1

sin D w D x

sin cos ¡ 1 u j

and for n ¸ 1,

wgn(t0) =
2
p

p

0

w̄gs sin( x t ¡ D w ) cos n u d u

=
2w̄gs

b p
[Cn sin x t ¡ Sn cos x t] (25)

where

Cn =
ns

j = 1

cos D w cos n cos ¡ 1 u j D x

sin cos ¡ 1 u j

Sn =
ns

j = 1

sin D w cos n cos ¡ 1 u j D x

sin cos ¡ 1 u j

D w is a phase difference that is de� ned as D w = x j / lg , and lg is the
gust wavelength that is de� ned as lg =U / x . Note that the integral
terms, C0 , Cn , S0 , and Sn do not need to be evaluated at each time
step.

State-Space Equations
A schematicof a typicalairfoilsectionwith a controlsurfaceat the

trailingedgeof themain wing is shownin Fig. 1. There is a structural
freeplay nonlinearity that produces a piecewise linear change in the
structural stiffness of the control surface. The aeroelastic typical
section has three degrees of freedom (DOF), plunge h, torsion a of
the main wing, and rotation b of the control surface about the point
c. For de� ection of the � ap through an angle b of the rigid-body
airfoil, the hn coef� cients of Eq. (11) are

h0 =
1
p

p

0

h d u =
1
p

p m

0

b (cos u ¡ cos u m)bh du

=
b b

p
(sin u m ¡ u m cos u m )

h1 =
2
p

p

0

h cos u d u =
b b

p
( u m ¡ sin u m cos u m)

hn =
2
p

p

0

h cos(n u ) d u

hn =
b b

p

1
n + 1

sin(n + 1) u m +
1

n ¡ 1
sin(n ¡ 1) u m

¡
2
n

sin(n u m ) cos u m

where u m is the Glauert angle at the hinge, cos ¡ 1(bc).
For the special case of a rigid-body airfoil without a control sur-

face in a � xed stream, we have h0 = h ¡ ba a and h1 =b a . Thus,
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a matrix form for the hn in terms of the airfoil DOF, h, a , and b
is

{hn} = [T ]
h

a

b

(26)

The differential equations of structural motion in matrix form
[Eq. (27)] expressing the equilibrium of the moments about point
a of the entire airfoil, of the moments on the control surface about
point c, and of the vertical forces on the airfoil (see Fig. 1) are as
follows:

Fig. 2 Nondimensional structural response vs nondimensional air-
speed for no gust excitation.

a) Plunge response

b) Flap response

Fig. 3 FFT analysisvs nondimensionalairspeed for no gust excitation.

[Ms]{ÿ} + [Cs]{ Çy} + [Ks]{y} + {M b } = [S1]{Fa} (27)

where {y} is expressed as {h, a , b }T , {M b } = {0, 0, M b }T ,

[S1] =

1/ Mr b 0 0

0 1 Mr b2 0

0 0 1 Mr b2

and

[Ks ] =

Kh 0 0

0 K a 0

0 0 m K b

When the structuralfreeplaygap d is zero, then m = 1 and M b =0,
and when the structural freeplay gap is not zero, then m =0 and the
control surface moment–rotation relationshipsmay be expressed as

M b =

K b ( b ¡ d ) j b j ¸ d , b > 0

K b ( b + d ) j b j ¸ d , b < 0

0 otherwise (28)

and [Cs ] is the structural damping matrix. An attempt has been
made here to include structural damping in the numerical model

Fig. 4 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequencies !g = 5; 11, and 20 Hz for a) plunge
response, b) pitch response, and c) � ap response.
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a) Plunge response

b) Flap response

Fig. 5 FFT analysis vs nondimensional airspeed for gust excitation
frequency, !g = 5 Hz.

in a logical and physically meaningful way using viscous modal
damping coef� cients (see Ref. 1).

The right-hand side of Eq. (27) forms a vector of aerodynamic
forces, {Fa}={L , M a , M b }T . We use Peters’s � nite state incom-
pressible airloads model for a deformable airfoil3 and Eq. (13) to
determine these aerodynamic forces in a matrix form. They are

{Fa} = [T ]T {Ln} (29)

where

{Ln}/ 2 p q = bU k 0{c1} ¡ U 2[K ][T ]{y} ¡ bU[C][T ]{ Çy}

¡ b2[M ][T ]{ÿ} + bU[C]{wgn} + b2[M]{ Çwgn} (30)

then

[S1]{Fa} = k 0{P} ¡ [Ka]{y} ¡ [Ca ]{ Çy} ¡ [Ma ]{ÿ}

+ [G1]{wgn} + [G2]{ Çwgn}

where

{P}3 £ 1 = 2p q bU[S1][T ]T {c1}

[Ka ]3 £ 3 = 2 p q U 2[S1][T ]T [K ][T ]

[Ca ]3 £ 3 = 2 p q bU[S1][T ]T [C][T ]

[Ma ]3 £ 3 = 2 p q b2[S1][T ]T [M][T ]

[G1]3 £ N = 2 p q bU[S1][T ]T [C]

[G2]3 £ N = 2 p q b2[S1][T ]T [M]

{c1}N £ 1 = 1, ¡ 1
2 , 0, 0, 0, . . . , 0

T

a) Plunge response

b) Flap response

Fig. 6 FFT analysis vs nondimensional airspeed for gust excitation
frequency !g = 20 Hz.

For matrices [S1], [T ], [K ], [C], and [M], see Ref. 3.
Equation (18) gives relationshipsfor k n . Unfortunately, k 0 cannot

be determined from Eq.(18). One additional relation is needed that
relates k 0 to k n . An approximate k 0 is determined by

k 0 ¼
1

2

N

n = 1

bn k n (31)

The closed-form expressions for the bn are given in Appendix C of
Ref. 8.

Collecting Eqs. (18) and (31) gives an in� ow matrix equation. It
is

[A]{ Çk } + (U / b){k } = [B1]{ÿ} + (U / b)[B2]{ Çy} + [Bg]{ Çwgn} (32)

where the matrix [A] is given in Ref. 8 and

[B1]N £ 3 = {c2}{s2}T [T ], [B2]N £ 3 = {c2}{s3}T [T ]

[Bg ]N £ N = {c2}{s2}
T , {c2}N £ 1 = 2, 1, 2

3 , . . . , 2/ N
T

{s2}T
1 £ N = 1, 1

2
, 0, 0, 0, . . . , 0

T

{s3}
T
1 £ N = {0, 1, 2, 3, . . . , n ¡ 1}T

Equation (32) is basically an equation for the time evolution of
vortex transport in the wake of the airfoil. Combining Eqs. (27–32)
and de� ning X e ={ Çy, y, k }T , we obtain a set of state-space equa-
tions with six structural states and N in� ow states. These equations
are

ÇX e = Ae Xe + Be (33)
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a) Plunge response

b) Flap response

Fig. 7 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequency !g = 5 Hz and different gust
strengths.

where

Ae =

Me Ce 0

0 Me 0

¡ B1 ¡ (U / b)B2 A

¡ 1 0 ¡ Ke Bn

Me 0 0

0 0 ¡ (U / b) I

Be =

Me Ce 0

0 Me 0

¡ B1 ¡ (U /b)B2 A

¡ 1

£
0

¡ M b

0

+ [Ge1]{wgn} + [G e2]{ Çwgn}

where submatrices Me, Ke , and Ce are theequivalentmass, stiffness,
and damping matrices comprisingstructuraland aerodynamiccom-
ponents Me =[Ms] + [Ma ], Ce =[Cs ] + [Ca ], Ke = [Ks ] + [Ka ]
and the submatrix Bn is determined by

k 0{P} =
1

2

N

n = 1

bn k n {P} = Bn{P}

The matrices [Ge1] and [G e2] are given by

[G e1] =

j G1 j 3 £ N

j 0 j 3 £ N

j 0j N £ N (N + 6) £ N

[Ge2] =

j G2 j 3 £ N

j 0 j 3 £ N

j Bg j N £ N
(N + 6) £ N

a) Plunge response

b) Flap response

Fig. 8 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequency !g = 11 Hz and different gust
strengths.

a) Plunge response

b) Flap response

Fig. 9 Structural response vs nondimensional airspeed for gust exci-
tation frequency !g = 5 Hz and different freeplay gaps.
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a) Plunge response

b) Flap response

Fig. 10 Structural response vs nondimensionalairspeed for gust exci-
tation frequency !g = 11 Hz and different freeplay gaps.

a)

b)

Fig. 11 Linear system at U = 18 m/s or U/Uf = 0:75 a) time response to
frequency sweep gust and b) PSD analysis.

Numerical Results and Discussion
The parameters of the numerical model come from the experi-

mental model previously described in Ref. 1. The nominal values
for the inertial, stiffness, and damping parameters of the experi-
mental structural system were measured. A summary of the system
parameters is given in the Appendix.A comparisonof the structural
natural frequencies for the numerical and experimental systems is
given in Table 1.

The theoretical lateral gust velocity amplitude wg0 is 0.75 deg
(for the basic case), for a single harmonic gust load.

Table 1 Natural frequencies

Frequency Numerical Experimental % Difference

x a (coupled) 7.83 Hz 7.75 Hz 1
x b (coupled) 19.2 Hz 19.5 Hz 1.5
x h(coupled) 4.34 Hz 4.3 Hz 0.9

a) Plunge response

b) Pitch response

c) Flap response

Fig. 12 Average PSD analysis of structural response for U = 18 m/s or
U/Uf = 0:77, ± = §§ 2:21 deg, and different gust strengths.
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a) Plunge response

b) Pitch response

c) Flap response

Fig. 13 Average PSD analysis of structural response for U = 18 m/s or
U/Uf = 0:77, ®g = 0:75 deg, and different freeplay gaps and strengths.

Fig. 14 Gust load vs gust frequency for U = 15 m/s or U/Uf = 0:625.

When the freeplaygap is zero and the gust excitation is removed,
a linear self-excited aeroelastic model is obtained. For the linear
system as given by Eq. (33), the structural nonlinearity and gust
excitationterm Be are � rst set to zero to determinetheclassicallinear
� utter results. The eigenvalues of the Ae determine the stability
of the system. When the real part of any one eigenvalue becomes
positive,theentiresystembecomesunstable.For Eq. (33), we use the
augmented closed-formto calculate the coef� cients bi . The number
of in� ow states is taken as N = 10 and the expansion index n =10
(see Ref. 3). The computationused double precisionarithmetic.The
� utter velocityis equal to U f = 24 m/s, and thecorresponding� utter
oscillation frequency is x f =35.86 rad/s (5.71 Hz).

Nonlinear Response to Single Harmonic Gust Load
We have used a standard Runge–Kutta algorithm in conjunction

with the Peters’s aerodynamicmodel [Eq. (33)] for time integration
of the nonlinear equations. Before we determine the gust response
of the typical airfoil section with control surface freeplay, the non-
linear behaviorwithout gust load (wg = 0) has been calculated.The
initial condition is de� ned to have only a plunge disturbance with
amplitude 0.1 cm, h(0) =0.1 cm.

As a typical experimental case, a freeplay region of §2.12 deg
is considered (d = 2.12 deg). The model was placed in the wind
tunnel such that the control surface was resting at one edge of the

Fig. 15 Nondimensional structural response vs gust excitation fre-
quency for U = 15 m/s or U/Uf = 0:625: a) plunge response, b) pitch
response, and c) � ap response.
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freeplay region. As the air� ow in the tunnel was increased, this
non-zero initial condition in the � ap served to excite the system,
causing the wing to settle into a steady-statelimit cycle. The air� ow
was slowly increased to a new value and reacheda new steady-state
limit. The behavior of the system was examined below the nominal
linear � utter speed.

For no gust load, the nonlinear behavior is shown in Figs. 2 and
3. Figure 2 shows a nondimensionallimit cycle amplitude (h rms / 2 d ,
a rms / 2d , and b rms / 2 d ) vs air� ow speedratio (U / U f ). The amplitudes

a) Plunge response

b) Pitch response

c) Flap response

Fig.16 FFT analysisvs response frequency fordifferent gust excitation
frequency, U = 15 m/s or U/Uf = 0:625.

shown are basedon rms calculationsover one cycleof the numerical
steady-state time histories. In Fig. 2, ¦ indicates the plunge motion,
and and 4 indicate the pitch and � ap responses, respectively.A
fast Fourier transform (FFT) of plunge response and � ap response
vs frequency and air� ow speed ratio is shown in Figs. 3a and 3b,
respectively.

Some different types of motion were found from the numerical
predictions. For low velocities, U < 0.18 £ U f , an initial distur-
bance to the model resulted in decaying oscillations that damped to
zero fairly quickly.

At U ¼ 0.18 £ U f , there is a discrete jump from damped motion
to a low-frequency limit cycle oscillation (about 4.6 Hz) that is
dominated by the plunge motion DOF as shown in Fig. 3a. Note
that the � rst natural frequency of the linear system dominated by
plunge motion is 4.32 Hz. The � ap motion is complex, as shown in
Fig. 3b. This limit cycle behavior is observed until the air� ow speed
reaches approximately 0.45 £ U f .

In a range betweenU = 0.45 and 0.625 £ U f , there is a transition
response from lower (about 5 Hz dominated by the plunge motion)
to higher (about 9 Hz dominated by the � ap motion) frequency
oscillations, as shown in Figs. 3.

At U ¼ 0.66 £ U f , there is another abrupt change in the system
behavior. The high-frequencylimit cycle suddenly becomes unsta-
ble, and the systemis attractedto a stable, low-frequencylimit cycle.

Fig. 17 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequency !g = 5 Hz: a) plunge response, b)
pitch response, and c) � ap response.
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There is a jump in the plungeamplitude at this point. The oscillation
frequency of both plunge and � ap is near 5 Hz.

When the velocitiesU > 0.75 £ U f , a high-frequencylimit cycle
oscillation (LCO) (about 9.0 Hz) was observed again. Note that the
second natural frequency of the linear system dominated by pitch
motion is 7.83 Hz. The LCO amplitudes mostly increaseas the � ow
velocity increases for both pitch and � ap motions.

Figures 4a–4c show the nondimensional plunge (Fig. 4a), pitch
(Fig. 4b), and � ap (Fig. 4c) limit cycle amplitude vs air� ow speed
ratio for several gust excitation frequencies, x g =5, 11, and 20 Hz
with no initial disturbance and also for no gust excitation with
h(0) =0.1 cm initial plunge disturbance (x g =0). In Figs. 4,
indicates those responsesfor x g = 5 Hz, and ¦ and 4 indicate those
for x g = 11 and 20 Hz, respectively. The solid line indicates the
results for x g =0. For the results of x g =5 Hz, the LCO amplitudes
increase as the � ow velocity increases up to nondimensional � ow
velocity0.8 for plunge, pitch, and � ap motions, whereas from 0.8 to
0.96, the LCO amplitudes decrease. The results for x g =0, 11, and
20 Hz are all substantiallysmaller. From anFFT analysis, the plunge
response is almost a single frequencyoscillation with x g =5 Hz as
shown in Fig. 5a, but a multiple frequency oscillations is seen for
the � ap motion as shown in Fig. 5b.

Returningto Figs. 4b and 4c, we note again the results for x g =11
and 20 Hz are very similar to those for x g =0. This is because the

Fig. 18 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequency !g = 6 Hz: a) plunge response, b)
pitch response, and c) � ap response.

gust frequencyis far away from the systemnatural frequencyand the
gust strength ( a g = 0.75 deg) is relatively weak. Corresponding to
Figs. 4b and 4c, results from an FFT analysis are shown in Figs. 6a
and 6b ( x g = 20 Hz). It is found that the frequencycomponent cor-
responding to the excitationalfrequency is not signi� cant for either
plunge or � ap motion.

Next, we discuss the effects of the gust strength and the freeplay
gap of the control surface on the behavior of this nonlinear system.

Figure 7 shows the nondimensional plunge and � ap responses
vs the nondimensional airspeed for several different gust strengths,
a g =0 (no gust load), 0.75, 1.5, and 3 deg with a gust excitation fre-
quency x g = 5 Hz. Generally the results indicate that as the airspeed
increases, the LCO amplitude of the structural response increases
until the airspeed is near the linear � utter speed. Here the gust exci-
tation frequency is near the plunge natural frequencyof the system.
However, when the gust frequency is changed to 11 Hz (Fig. 8),
the plunge amplitude may decrease as the airspeed increases in the
nondimensional airspeed range of 0.66–0.75. Thus, the gust exci-
tation may have a quenching effect on the plunge motion. On the
other hand, the amplitude for the � ap response increases as the air-
speed increases. Here the gust frequency is far away from the � rst
natural frequencyof the system and approachesthe LCO frequency
of this nonlinear system. Note that the response levels in Fig. 8 are
generally smaller than those of Fig. 7.

Fig. 19 Nondimensional structural response vs nondimensional air-
speed for gust excitation frequency !g = 10 Hz: a) plunge response, b)
pitch response, and c) � ap response.
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Figures 9 shows the plunge (Fig. 9a) and � ap (Fig. 9b) responses
vs the nondimensional airspeed for a gust frequency x g = 5 Hz, a
gust amplitude a g =0.75 deg, and several freeplay gaps, d = 0 deg
(no freeplay), §0.5, §1.0, and §2.12 deg. The results show that
the amplitude of the structural response increases as the freeplay
increases. Results for the gust frequency x g =11 Hz are shown in
Figs. 10a and 10b. Note that in Figs. 10 the plunge response is much
smaller than for Figs. 9.

From nondimensional analysis of the equations of motion one
may show that when the responses h, a , and b and the excitation
a g are normalized by the freeplay d the results are universal, that is,
the normalized results are the same for any d .

Nonlinear Response to a Sweep Frequency Gust Load
The basic theoretical lateral gust velocity amplitude wg0 is

0.75 deg for a continuous linear frequency sweep gust load. The
minimumand maximum frequenciesare 0 and 40 Hz, and the sweep
duration T is 2.4 s. The initial conditions are set to zero for all time
simulations.

a) Time history

b) Phase plane plot

c) FFT analysis

Fig. 20 Structural � ap response behavior for gust excitation frequency
!g = 5 Hz and U = 12 m/s or U/Uf = 0:5.

Linear system results are examined. Figures 11 shows a time
history (Fig. 11a) and a power spectral density (PSD) analysis
(Fig. 11b) for the � ap responsedue to a sweep frequencygustat U =
18 m/s. From Fig. 11b, we � nd the three resonant frequencies are
5.0, 7.8, and 19.3 Hz, which are very close to the system natu-
ral frequencies.Because of an increased aerodynamic stiffness, the
� rst aeroelastic natural frequency is higher than the � rst structural
natural frequency (4.34 Hz) in vacuo.

To depictconciselythe nonlinearresponseto the sweep frequency
gust,an averagePSD analysiscanbe used.Here, 40PSD realizations
are taken.More than40 PSD realizationsdonot change the averaged
results signi� cantly.

Figure 12 shows the averaged PSD for an airspeed of U =
18m/s andseveraldifferentgust strengths, a g =0.75,1.5, and 3 deg.
The freeplay is d = §2.12 deg. For the larger gust strengths, a g =
1.5 and 3 deg, the structural responses have a maximum peak value
at x =5.2 Hz. The responsemotion is dominatedby the � ap motion;
compare Fig. 12c with Figs. 12a and 12b at x =5.2 Hz. As shown

a) Time history

b) Phase plane plot

c) FFT analysis

Fig. 21 Structural � ap response behaviorfor gust excitation frequency
!g = 5 Hz and U = 14 m/s or U/Uf = 0:58.



1554 TANG, KHOLODAR, AND DOWELL

in Fig. 12c, the � ap structural response component at x =8.5 Hz is
also not small.

Figure 13 shows the averagedPSD for an airspeedof U = 18 m/s
and several different freeplay gaps, d =0, §0.5, §1.0, and
§2.12 deg. The gust strength is a g = 0.75 deg. As shown in Fig. 13,
the maximum plunge,pitch, and � ap peakamplitudesincreaseas the
freeplaygap increases, respectively.When freeplay gap approaches
zero, the structural responses are much smaller, especially for the
� ap amplitude. Similar to the results of Fig. 12, the structural re-
sponses have a maximum peak value at x =5.2 Hz, and the motion
is dominated by plunge.

Experimental Results and Discussion
A three-DOF aeroelastic typical section with control surface

freeplay is modeled experimentally.The experimentalmodel, mea-
surement system, and data acquisition are described in Ref. 1.

The periodic gust load was created by placing an RSC behind an
airfoil upstream of the airfoil model. The gust generator con� gura-

a) Time history

b) Phase plane plot

c) FFT analysis

Fig. 22 Structural � ap response behavior for gust excitation frequency
!g = 10 Hz and U = 12 m/s or U/Uf = 0:5.

tion in the wind tunnel had two airfoils or vanes and two rotating
slotted cylinders. The distance between these vanes was 0.3 m. For
details of the gust generator design, see Ref. 9.

All gust response tests of the two-dimensional wing model with
control surface freeplay were performed in the Duke University
low-speed wind tunnel.

Figure 14 shows a typical measured gust strength a g vs gust
excitation frequency (hertz) for the � ow velocity U =15 m/s. In
Fig. 14, ¦ indicates the measured � rst harmonic component and 4
indicates the second harmonic component. The solid line indicated
the least-square curve � tting from the experimental data. The gust
strength varies with the gust frequency and is not a pure sinusoid.
The second harmonic component should be not neglected. In the
theoreticalcalculationswe use the measured experimentalgust load
for comparison with the experimental results.

Figure 15 shows the correlation between the theoretical and ex-
perimentalresults for the nondimensionalplunge,pitch, and � ap re-
sponsesvsgustexcitationfrequencyat the � owvelocityU =15 m/s.
The correlation is reasonable except for the plunge response near
x =13.5 Hz and the pitch response near x = 7.8 Hz. Correspond-
ing to Fig. 15, a theoretical FFT analysis of plunge, pitch, and � ap
responses vs response frequency and gust excitation frequency is
shown in Figs. 16a,16b,and16c, respectively.As shown in Fig. 16a,
the dominant plunge response frequency is nearly equal to the gust
frequency except near an excitation frequency of 13.5 Hz, where
the 5-Hz frequency component is most important for the response.
The latter is the original (no gust) LCO frequency of the nonlin-
ear system (the LCO frequency is about 5 or 9 Hz). As shown in
Fig. 16c, the dominant � ap response frequency is consistent with
the gust frequency when the latter is in the range of x =5–13 Hz.
For gust frequencies lower than 5 Hz and higher than 14 Hz, the
� ap response is dominated by the response component with a fre-
quency of about 9 Hz, which is the original LCO frequency of the
nonlinear system. A similar result for the pitch response is shown
in Fig. 16b. The responses between 5 and 10 Hz are dominated by
the pitch motion, and the response frequency is nearly equal to the
gust frequency. Beyond these excitation frequencies, the responses
are dominated by the � ap or plunge motions.

a) Measured data

b) Numerical simulation

Fig. 23 Continuous linear frequency sweep gust load for U = 12 m/s or
U/Uf = 0:5.
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In an effort to explain the differencesbetween theory and experi-
ment in Fig. 15, differentvalues of structuraldamping were consid-
ered in the theoretical model. However, the theoretical results are
not sensitive to this parameter.

Figures 17–19 show the correlation between the theoretical and
experimentalresultsfor thenondimensionalplunge(Figs. 17a–19a),
pitch (Figs. 17b–19b), and � ap (Figs. 17c–19c) responses vs nondi-
mensional airspeed plunge for the gust frequencies x = 5, 6, and
10 Hz, respectively.The solid line indicates the results from theory
and the symbol ¦ from the experiment. As seen from Figs. 17 (x =
5 Hz) and 18 ( x = 6 Hz), the agreement between the theory and
experiment is good. The measured response signal is strong and has
very good signal to noise ratio. For x =10 Hz, [Fig. 19], the plunge
and pitch responses have poorer theoretical/experimental correla-
tion, and this may be because of the weaker measured response
signals.However, the correlationfor the � ap responseis reasonable.

Figure 20 shows an example of the � ap response time history
and correspondingphase plane plot and FFT analysis for x =5 Hz
and U =12 m/s. The solid and dashed lines indicate the theoret-
ical and experimental results, respectively. The theoretical results
have a periodic behavior; however, the experimental results look
like a narrow-bandrandom or chaotic oscillation.The agreementof
the basic frequency and rms amplitude between theory and experi-
ment is good. Following Fig. 20, when the � ow velocity increases
to U =14 m/s, we � nd the amplitude increases and a chaotic os-
cillation occurs for both the theoretical and experimental results as
shown in Fig. 21. The theoretical results have one dominant fre-
quency component at x =5 Hz, but the experimental results have

Fig. 24 Structural plungeresponse behaviorunder a continuous linear
frequency sweep gust load for U = 12 m/s or U/Uf = 0:5: a) theoretical
time history, b) experimental time history, and c) PSD analysis.

two dominant frequency components at x =5 and 9 Hz, as shown
in Fig. 21c.

Figure 22 shows the � ap responsetime history and corresponding
phase plane plot and FFT analysis for x = 10 Hz and U =12 m/s.
The solid and dashed lines indicate the theoreticaland experimental
results, respectively. A result similar to Fig. 20 is also found. The
theoretical results have a periodic behavior, and the experimental
results look like a narrow-band random or chaotic oscillation. The
differencein the LCO behaviorbetween theoryand experimentmay
be due to the turbulencecaused by the interferingwake vortex of the
gust generator in the experimental data. Because the turbulence is
not strong, the theoretical/experimental quantitativeagreement still
remains good when comparing averaged (rms) data.

Figure 23a shows a measured continuouslinear frequency sweep
gust load (angle of attack) for U = 12 m/s. The gust strength is not
constant with time as shown in Eq. (23) and in Figs. 11–13. For
the measured lateral gust, the minimum and maximum frequencies
are 0 and 40 Hz, and the sweep duration T is 2.4 s. Note that the
measured lateralgust has abouta 0.8-s time delay, that is, the restart-
ing time of the dc motor for each repeated process. This is due to
the rotational inertia of the dc motor. For convenient application, a
formula based on an experimental gust load is constructed:

wg(t ) = w̄gs(t ) sin{x 1 + [( x 2 ¡ x 1) /2T ]t}t (34)

where wgs(t ) (second) is given by

Fig. 25 Structural pitch response behavior under a continuous lin-
ear frequency sweep gust load for U = 12 m/s or U/Uf = 0:5: a) the-
oretical time history, b) experimental time history, and c) PSD anal-
ysis.
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wgs(t ) =

0, 0 < t < 0.8
4

i = 0

ci t
i , 0.8 · t · 3.2 (35)

where c0, . . . , c4 are determined by the least-square curve-� tting
method from the experimental data.

Using Eqs. (34) and (35), the theoreticaland experimental results
of plunge, pitch, and � ap responsesare shown in Figs. 24–26 for the
� ow velocityU =12 m/s, respectively.There are 10 sweep periods
in 32 s, and the total sampling length is 51,200 points for the experi-
mental data. Figures24a–26a indicate the theoreticaland Figs. 24b–

26b the experimental results. Figures 24c–26c indicate a corre-
sponding PSD plot of both theoretical (solid line) and experimental
(dashed line) results for an average over 10 sweep periods.

As shown in Figs. 24a–26a and 24b–26b, the theoretical and
experimental response behavior and amplitude are very close. As
shown in Figs. 24c–26c of the PSD plot, there is a difference in the
dominant frequency. The peak frequency is 4.85 Hz for the theory
and 5 Hz for the experiment, as shown in Fig. 24c. This means the
response is dominated by the plunge motion. As shown in Fig. 25c,
there are three peak frequencies.They are 4.85, 7.6, and 9.25 Hz for
the theory and 5, 8, and 9.5 Hz for the experiment.Note that 7.6 and
8 Hz are close to the pitch natural frequency of this linear system
and 5 and 9 Hz are close to the LCO frequencies of this nonlinear
system. The pitch response includes three frequency components
and is very complex. As shown in Fig. 26c, there is a dominant
peak frequency for the � ap motion. It is 9 Hz for the theory and
9.5 Hz for the experiment. This means the response is dominated

Fig. 26 Structural � ap response behavior under a continuous linear
frequency sweep gust load for U = 12 m/s or U/Uf = 0:5: a) theoretical
time history, b) experimental time history, and c) PSD analysis.

by the � ap motion. From Figs. 24–26, it is found the theoreticaland
experimental correlation is reasonably good.

Further investigationof the presentmethod should be considered
including more general representationsof atmospheric turbulence,
rather than the special periodic gust that we used here. Also an in-
vestigationof activecontrol for these responseswould be of interest.
Clark et al.10 and Vipperman et al.11 have studied active control of
self-excitationsfor this system.

Conclusion
A nonlinear response analysis of a typical airfoil section with

control surface freeplay excited by periodic and continuous linear
frequencysweepgust loadsin lowsubsonic� ow hasbeenpresented.
The theoretical approach uses Peters’s � nite state airloads model.3

An experiment using an RSC gust exciter was also conducted. Re-
sults for a single harmonic gust and a continuous frequency sweep
gust (mimicking a random gust) have been computed and measured
over a rangeof lower � ow velocities(U < U f ) where U f is the nom-
inal linear � utter velocity in the absence of freeplay. It was shown
that the effects of freeplay structural nonlinearity on the dynamic
aeroelastic behavior are signi� cant. A theoretical and experimen-
tal chaotic response phenomenonfor the nonlinearstructuralmodel
was observed for the single harmonic gust excitation.These results
complement our earlier theoretical and experimental studies1,4,5 of
LCO due to self-excited � utter.

The fair to good quantitative agreement between theory and ex-
periment veri� es that the present method has reasonable accuracy
and good computationalef� ciencyfor nonlineargust responseanal-
ysis in the time domain.

Appendix: Model Parameters

Table A1 Model parameters

Parameter Value

Geometry
Chord 0.254 m
Span 0.52 m
Semichord b 0.127
Elastic axis a with respect to b ¡ 0.5
Hinge line c with respect to b 0.5

Mass parameters
Mass of wing 0.713 kg
Mass of aileron 0.18597 kg
Mass/length of wing aileron 1.73 kg
Mass of support blocks 0.47485 £ 2 kg

Inertial
x a 0.331
x b 0.0188
I a (per span) 0.087 kg¢ m
I b (per span) 0.000254 kg¢ m
r a 0.821
r b 0.11397

Stiffness
K a (per span) 1460 1/ s2

K b (per span) 151 1/s2

Kh (per span) 1593 1/ s2

Damping
f a (half-power) 0.0175
f b (half-power) 0.006
f h (half-power) 0.0033
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